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Abstract 
We show that double-charged optical vortices can be generated with the help of Kerr electrooptic 
effect in either single crystals or isotropic media, including gaseous and liquid ones. We analyze 
possibilities for the vortex generation via the Kerr effect for different point group of symmetry 
and formulate the appropriate conditions. We prove that the crystals, textures and the isotropic 
media most suitable for the generation of double-charged optical vortices should belong to the 
symmetry groups 622, 6mm, 6/mmm, 6, 6/m, / m¥ , ¥ , 2¥ , mm¥ , / mmm¥ , / / mmm¥ ¥ , and 
/ 2¥ ¥ .  
 
PACS: 42.50.-p, 78.20.Jq, 42.50.Tx 
 
1. INTRODUCTION 
In the last decade generation of singular beams with dislocations of their wave fronts [1] has be-
come an important branch of optical studies. This is caused by wide applications of beams bear-
ing optical vortices with a nonzero orbital angular momentum (OAM) [2]. The vortex beams can 
be successfully applied in a number of novel branches, e. g. information processing [3], quantum 
cryptography [4, 5], and quantum teleportation [6]. Furthermore, they can also be used for ma-
nipulating microparticles [7].  
Scalar field singularities containing the optical vortices can be quite simply generated using 
spiral plates [8], computer-synthesized holograms [9], or optical wedges [10]. However, these 
methods for generating helical modes are ‘passive’, i.e. they do not permit operating spatial posi-
tions of the vortex beams, whereas the efficiency of induction of the OAM is predetermined by 
the structures used for the vortex beam generation. From the other side, polarization field singu-
larities generated mainly in anisotropic media reveal a number of additional advantages, if com-
pared with the singularities of scalar fields. For example, radially polarized beams can be used 
for achieving resolutions below the diffraction limit [11, 12]. Moreover, a phenomenon of spin-
to-orbit angular momentum (SAM-to-OAM) conversion can be efficiency used in quantum cod-
ing-decoding, using qubits or even qudits of information [13, 14].  
If one generates the vortex beams using so-called q-plates, representing in fact liquid crys-
tal cells with structural defects in their centers, the efficiency of the SAM-to-OAM conversion 
can be tuned by adjusting temperature or electric field [15–17]. Recently we have suggested and 
verified experimentally several methods for the SAM-to-OAM conversion based on piezooptic 
effect induced in single crystals by torsion or bending [18–20]. Besides, electrooptic Pockels ef-
fect induced in single crystals by a conically shaped electric field has been found to be a conven-
ient method for SAM-to-OAM converting and operating the efficiency of the vortex beam gen-
eration by an electric field applied [21, 22]. Let us remind that the Pockels effect can be utilized 
while controlling electrooptically the entanglement of SAM and OAM [23], thus being applica-
ble for quantum teleportation.  
On the other hand, the Pockels effect can exist only in acentric crystals, since a third-rank 
polar tensor describing the effect is equal to zero in any centrosymmetric media, including all 
isotropic ones. Moreover, as shown in the study [22], doughnut modes can be generated via the 
Pockels effect only in the crystals containing three-fold or six-fold inversion axes among their 
symmetry operations. Let us also remind that all of the methods of vortex beam generation that 
rely on single crystals can induce single-charged optical vortices only [18–22]. Furthermore, due 
to symmetry limitations only the bending method of vortex beam generation can be realized for 
isotropic materials, though even this method cannot be used if the working media are liquid or 
gaseous. However, an electrooptic Kerr effect can exist in these materials. The aim of the present 
work is to study the optical vortex generation via the Kerr effect in the material media of differ-
ent symmetries. 
 
2. PHENOMENOLOGICAL DESCRIPTION OF THE KERR EFFECT  
INDUCED BY CONICALLY SHAPED ELECTRIC FIELD 
It is well known that the electrooptic effect manifests itself in changes of optical impermeability 
coefficients iB  (or refractive indices n , since 
2(1/ )ij ijB n= ) under the action of electric field E 
(see, e.g., [24]). This effect is described by a tensorial relation 
ij ijk k ijkl k lB r E R E E= + ,      (1) 
where ijkr  and ijklR  are the tensors of Pockels and Kerr coefficients, respectively. Further we will 
use the matrix notation, i.e. the Kerr coefficients will be represented as ijklR Rlm =  for 
1,...6; 1, 2, 3ij kll m« = « =  and 2 ijklR Rlm =  for 1,...6; 4, 5, 6ij kll m« = « = .  
As shown in the work [22], a conically shaped electric field (see Fig. 1) results in the fol-
lowing coordinate dependences of the electric field components: 
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Here U  is the electric voltage applied and d  the thickness of an electrooptic cell. In the spheri-
cal coordinate system ( sin cosX r j= Q , sin sinY r j= Q  and cosZ r= Q ) Eqs. (2) reduce to  
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Such a field distribution can be produced using circular electrodes with different diameters (see 
Fig. 1). 
 
FIG. 1. Schematic representation of electrooptic cell with circular electrodes El1 and El2, and a 
conical spatial distribution of electric field produced by these electrodes. 
 
In what follows we will analyze the Kerr effect induced by such a field in centrosymmetric 
media of different symmetries for the case of wide circularly polarized Gaussian beam propagat-
ing along the axis of electric field cone. Moreover, we will also consider the symmetry groups 
for which the quadratic electrooptic Kerr effect is not masked by the linear Pockels effect, which 
can be significantly greater in magnitude. In order to generate the vortex, the light beam should 
propagate along the initially isotropic direction, which remains isotropic in the center of cross 
section of the beam after the electric field is applied. The latter can happen only in the following 
cases: (3.A) isotropic media, (3.B) cubic crystals belonging to the symmetry groups m3m and 
432, provided that the electric field is applied along one of the crystallographic or three-fold 
symmetry axes, (3.C) cubic crystals belonging to the group m3, whenever the field is applied in 
the same way as in the case (3.B), and (4.A)–(4.F) optically uniaxial crystals and textures under 
the electric field applied along the optic axis. Below we will thoroughly analyze all of these 
cases separately. 
 
3. ISOTROPIC MEDIA AND CUBIC CRYSTALS  
A. Isotropic media with the symmetries / / mmm¥ ¥  and / 2¥ ¥  
It is obvious that the coordinate system XYZ for the isotropic media of the symmetry groups 
/ / mmm¥ ¥  and / 2¥ ¥  can be chosen in an arbitrary manner. Before proceeding to the follow-
ing analysis, we note that the third-rank Pockels tensor is equal to zero for the isotropic acentric 
symmetry group / 2¥ ¥ . From the other side, the fourth-rank Kerr tensor is the same for the 
groups of symmetry / / mmm¥ ¥  and / 2¥ ¥ . This tensor includes only two independent com-
ponents, 11R  and 12R , and the relation 44 11 12R R R= -  holds true. When the electric field defined 
by Eqs. (2) is applied, the cross section of the optical indicatrix by the plane Z = 0 for the sym-
metry groups mentioned above is as follows: 
2 2 2 2 2 2 2 2
1 11 1 12 2 12 3 1 12 1 11 2 12 3 11 12 1 2( ) ( ) 2( ) 1B R E R E R E X B R E R E R E Y R R E E XY+ + + + + + + + - = . (6) 
This optical indicatrix perturbed by the electric field corresponds in fact to homogeneous 
media. However, Eqs. (2)–(5) imply that a material sample under such a conically shaped elec-
tric field should become inhomogeneous. For simulating a so-called effective angle of optical 
indicatrix orientation efklz  and an effective phase difference 
ef
klDG  for each elementary ray, one 
can use a well known Jones matrix approach, with dividing the sample by, e.g., Nmax = 100 ho-
mogeneous layers perpendicular to the Z axis. In its turn, each of the layers is divided by k l´  
homogeneous elementary cells in the XY plane. In practice, we have used a division given by 
k = 100 and l = 100. The number n of the layers which should be taken into consideration de-
pends on the 'r  coordinate (the module in the polar coordinate system – see Fig. 1): namely, it 
decreases with increasing 'r . Thus, we have max1n N= ¸ . The birefringence induced along the Z 
axis in each of the homogeneous cells is determined as 
3 2 2 3 2 2 2
11 12 1 2 11 12
1 1
( )( ) ( )( )
2 2XY
n n R R E E n m R R X YD = - - + = - - + ,  (7) 
while the angle of optical indicatrix rotation around the center of the XY cross section (i.e., the 
center of beam cross section) is given by 
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Eq. (7) is nothing but equation of cone with a zero (singular) birefringence at the cone 
apex, i.e. in the center of the XY cross section. Then we readily obtain the resulting Jones matrix: 
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denote respectively the phase difference and the angle of optical indicatrix rotation within the 
elementary cells, and nkld  is the thickness of the cell along the direction of light propagation.  
We have simulated the effective phase difference efklDG  and the spatial distribution of the 
optical indicatrix parameter efklz  for a Kerr cell filled by a nitrobenzene liquid (the chemical for-
mula C6H5NO2, the effective Kerr coefficient 19 2 211 12 7.6 10 m /VR R
-- = ´ , and the refractive in-
dex 1.5562n =  – see [25, 26]). It is seen from Fig. 2 (a, b) that the angle of optical indicatrix ro-
tation efklz  around the center of a wide beam depends linearly on the tracing angle j . This 
should inevitably lead to appearance of a double-charged vortex whenever the sample is placed 
in between the crossed circular polarizers (the corresponding optical scheme is presented in 
Fig. 3). The appropriate relation is as follows: 
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where ? Gefkl  is the phase difference, 2m p= ±  the topological charge of the vortex, p  the 
strength of topological defect, 0z  the angle of optical indicatrix orientation at 0j = , and 0E  and 
( , )out X YE  denote the amplitudes of the incident and outgoing light wave, respectively (see, e.g., 
[27]). The second term in the r. h. s. of Eq. (10) describes the helical mode (the charge of the op-
tical vortex is equal to two at 1p = ), while the first term describes the incident wave with no dis-
location of the wave front present (it vanishes at efkl pDG = ). The induced phase difference is 
equal to zero in the center of the XY cross section, it increases with increasing distance from the 
center, and acquires its maximum when max' 1.96 mmr =  (see Fig. 2(c)). The birefringence fol-
lows to zero with further increase of the module 'r , since the electric field vanishes outside the 
field cone. 
 
(a)     (b) 
 
(c) (d) 
 
(e) 
FIG. 2. (a) Calculated dependence of the effective angle of optical indicatrix rotation on the trac-
ing angle at the constant module 'r ; (b) spatial XY distribution of the effective angle of optical 
indicatrix rotation; (c) induced effective phase difference; (d) appearance of the doughnut mode; 
and (e) dependence of the effective phase difference on the coordinate X, as calculated following 
from the Jones matrix approach (open circles) and formula (11) (solid curve). A nitrobenzene 
Kerr cell is assumed under the conical electric field 7/ 1.98 10 V/mU d = ´  (d = 5 mm, the radius 
of the El2 electrode R = 5 mm, and the light wavelength 632.8nml = ). 
 
FIG. 3. Optical scheme of vortex generation: 1 – light source (e.g., laser), 2, 3 – objective lenses, 
4, 8 – linear polarizers, 5, 7 – quarter-wave plates, 6 – sample (cuvette with a Kerr liquid), and 9 
– CCD camera. 
 
The effective phase difference can also be determined by integrating the local phase dif-
ference over the optical path (
'
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We have verified that the dependences of the effective phase difference on the coordinate ob-
tained basing on the Jones matrix approach and Eq. (11) yield in the same result (see Fig. 2(e)). 
Spatial distribution of the light intensity in the doughnut mode can be simulated with the 
same Jones matrix technique. Let 1E , 2E  and 1klE , 2klE  be the components of the input and output 
Jones vectors, respectively, and ,QWP QWPJ J- +  and AJ  be the Jones matrices of the two quarter-
wave plates rotated by 90 deg and the analyzer, respectively. Then we will get 
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The resulting intensity for each of the elementary rays is determined by 
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The corresponding spatial distribution of the intensity in the vortex mode induced by the electric 
field 7/ 1.98 10 V/mU d = ´  in the nitrobenzene is presented in Fig. 2 (d). 
 
B. Cubic crystals of symmetry groups m3m and 432 
In the crystals belonging to point symmetry groups m3m and 432, the third-rank tensor describ-
ing the linear electrooptic effect is equal to zero. For these materials the Kerr birefringence and 
the angle of optical indicatrix rotation induced by the conical electric field applied along the Z 
axis within the homogeneous cell are given by 
3 2 2 2 2 2 2 2
11 12 1 2 44 1 2
3 2 2 2 2 2 2 2 2
11 12 44
1
( ) ( ) 4
2
1
( ) ( ) 4 ,
2
XYn n R R E E R E E
n m R R X Y R X Y
D = - - - +
= - - - +
   (15) 
44 1 2 44 44
2 2 2 2
11 12 1 2 11 12 11 12
2 2
tan 2 tan2
( )( ) ( )( )Z
R E E R XY R
R R E E R R X Y R R
z j= = =
- - - - -
.   (16) 
It is clear that Eq. (15) represents an equation of hyperbolic cylinder. It can be transformed into 
equation of cone only under the condition 44 11 12R R R= - . Then the birefringence reads as 
3 2 2 2
11 12
1
( )( )
2XY
n n m R R X YD = - - + , while the angle of optical indicatrix rotation becomes equal 
to the tracing angle (i.e., Zz j= ). As a consequence, one has to observe a canonical double-
charged vortex whenever the sample is placed in between the circular polarizers. This case 
matches with the case (3.A) considered above for the isotropic media.  
Now let us analyze what will happen when 44 11 12R R R¹ - . Using Eq. (9), one can simu-
late the effective angle of optical indicatrix rotation and the effective phase difference for the ra-
tio 44 11 12/( )R R R-  equal, e.g., to 0.1. One can see from Fig. 4 (a, b)  that the both spatial distribu-
tions are divided into four parts. The dependence of the angle of optical indicatrix rotation has a 
step-like character (see Fig. 4 (a)). As follows from Eq. (10), the phase of the helical mode is de-
termined by either 0 02 2 2 2pj z z zG = ± ± = ± ±  or 2zDG = . Thus, the phase increases twice as 
faster than the angle of optical indicatrix rotation with changing tracing angle. The dependences 
of the phase of the doughnut mode on the tracing angle for different ratios 44 11 12/( )R R R-  are 
presented in Fig. 4 (c). With increasing ratio 44 11 12/( )R R R- , beginning from its unit value, a 
pure screw dislocation of the phase front gradually transforms into a pure edge dislocations of 
the phase front. Notice that in this case we deal with two edge dislocations crossed at the angle 
of 90 deg. For the intermediate ratios, a mixed screw-edge dislocation has to be observed. 
 
  
(a) (b) 
  
(c)     (d) 
FIG. 4. (a) Calculated XY distribution of the effective angle of optical indicatrix rotation at 
44 11 12/( ) 0.1R R R- = ; (b) induced effective phase difference at 44 11 12/( ) 0.1R R R- =  
( 18 2 211 1.09 10  m /VR
-= ´ , 18 2 212 0.29 10  m /VR
-= ´  and 18 2 244 0.08 10  m /VR
-= ´ ) under the coni-
cal electric field 6/ 16 10 m/VU d = ´ ; (c) dependence of the phase of outgoing light beam on the 
tracing angle at different ratios 44 11 12/( )R R R-  (1 – stars, 0.1 – full circles, 10 – semi-open cir-
cles, and 100 – open circles); and (d) intensity distribution for the outgoing beam at 
44 11 12/( ) 0.1R R R- =  (d = 5 mm, R = 5 mm and 632.8nml =  – see the notation in Fig. 2). 
 
Let us illustrate the effect mentioned above using the parameters of real crystals in our 
simulations, e.g., SrTiO3 belonging to the point symmetry group m3m. It is characterized by the 
Kerr coefficients 18 2 211 1.09 10  m /VR
-= ´ , 18 2 212 0.29 10  m /VR
-= ´  and 
18 2 2
44 0.58 10  m /VR
-= ´ , and the refractive index n = 2.38 at 632.8nml =  [28]. Therefore the 
ratio of the Kerr coefficients for the SrTiO3 crystals is equal to 44 11 12/( ) 0.73R R R- = , which is 
quite close to unity. Fig. 5 shows spatial distributions of the effective phase difference and the 
angle of optical indicatrix rotation in the XY cross section, and appearance of the doughnut mode 
in case when the conical electric field 7/ 1.01 10 V/mU d = ´  is applied and the light beam propa-
gates along the Z direction. As seen from Fig. 5, the mixed screw-edge dislocation can really ap-
pear in SrTiO3, while the doughnut mode should be slightly fragmentized. In fact, the practical 
conditions provided by the SrTiO3 crystals are very close to the case of generation of the pure 
screw dislocation and, as seen from Fig. 5 (c), the doughnut mode is almost circular. 
  
(a) (b) 
 
(c) 
FIG. 5. Calculated distributions of the effective phase difference (a) and the effective angle of 
optical indicatrix rotation (b), and light intensity behind the circular analyzer (c). A conical elec-
tric field 7/ 1.01 10 V/mU d = ´  is applied along the Z direction in SrTiO3 crystals (d = 5 mm, 
R = 5 mm, and 632.8nml =  – see the notation in Fig. 2). 
 
 Now let us consider propagation of a wide Gaussian beam, assuming that a conical elec-
tric field is applied along the direction [111] in cubic crystals of the symmetry groups m3m and 
432. Then it would be convenient to rewrite the fourth-rank Kerr tensor in the coordinate system 
of which 'Z  axis is parallel to the direction [111], 'X  to [112] , and 'Y  to [110] . The tensor of 
the Kerr coefficients becomes 
1 1 2 2 3 3 2 3 1 3 1 2
1 11 12 13 14 14
2 12 11 13 14 14
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4 14 14 44 14
5 14 14 44 14
6 14 14 66
' ' ' ' ' ' ' ' ' ' ' '
' ' ' ' ' ' 0
' ' ' ' ' ' 0
' ' ' ' 0 0 0
1 1
' ' ' 0 ' 0 '
2 2
1 1
' ' ' 0 0 ' '
2 2
' 0 0 0 ' ' '
E E E E E E E E E E E E
B R R R R R
B R R R R R
B R R R
B R R R R
B R R R R
B R R R
D -
D -
D
D -
D -
D
,  (17) 
with the components 11 11 44 12
1
' ( )
2
R R R R= + + , 12 11 44 12
1 5
' ( )
6 6
R R R R= - + , 
13 11 44 12
1
' ( 2 )
3
R R R R= - + , 14 11 44 12
1
' ( )
3
R R R R= - - , 33 11 44 12
1
' ( 2 2 )
3
R R R R= + + , 
44 11 44 12
1
' (2 2 )
3
R R R R= + - , and 66 11 44 12
1
' ( 2 )
3
R R R R= + - . The birefringence induced along the 
'Z  direction and the rotation of optical indicatrix around the same direction within one elemen-
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respectively. These relations include the electric field component 3'E . Let us remind that this 
component is not equal to zero at the axis of the electric field cone (see Eqs. (2)–(5)), where it 
acquires its maximum value. Availability of the 3'E  component can lead to nonzero birefrin-
gence in the center of the XY cross section and appearance of a nonzero light intensity in the vor-
tex nucleus. However, the component 3'E  appearing in Eqs. (18) and (19) is always multiplied 
by the components 1'E  and 2'E , which become zero at the axis of the cone of electric field.  
Notice that, under the condition 44 11 12R R R= - , Eqs. (18) and (19) can be represented as  
3 3
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n n
n R E E R m X YD = - + = - + ,  (20) 
1 2
' 2 2 2 2
1 2
2 ' ' 2 ' '
tan 2 tan 2
' ' ' 'Z
E E X Y
E E X Y
z j= = =
- -
, or 'Zz j= .  (21) 
Eqs. (20) and (21) are similar to Eqs. (7) and (8) describing the polarization singularity that leads 
to the appearance of a canonical double-charged vortex.  
In fact, one can analyze two extreme conditions when considering Eq. (19). The first one 
corresponds to 14' 0R =  (leading to vanishing 3'E  component), which leads to Eq. (21) and ap-
pearance of the double-charged vortex. The second corresponds to 66' 0R = . In the latter case it 
follows from Eq. (19) that 'tan 2 tan( / 4 )Zz p j= +  (or ' / 8 / 2Zz p j= + ), i.e. the single-charged 
vortex has to appear. Then the following question appears: will the charge of the vortex embed-
ded into the emergent beam be non-integer when 66 14' , ' 0R R ¹ ? Such a situation could corre-
spond to appearance of vortices with fractional topological charges (see [29-32]).  
The spatial distributions of the phase difference and the angle of optical indicatrix rota-
tion, as well as the dependence of intensity of the emergent beam on the ratio 
14 11 12 44
66 11 12 44
' ( )
' ( 2 )
R R R R
R R R R
- -
=
- +
 are presented in Fig. 6. The denominator in the ratio mentioned above 
is always greater than the numerator, since 44 442R R> - . Therefore we have 14 660 ' / ' 1R R£ <  and 
the pure single-charged vortex cannot in principle be obtained under these conditions. As seen 
from Fig. 6 (a), the conical distribution of the phase difference is produced at 14 66' / ' 0R R = . 
With this ratio, the strength of the topological defect of the optical indicatrix orientation is equal 
to 1+  (see Fig. 6 (e, m)). This corresponds to generation of the double-charged vortex in the cen-
ter of the beam cross section, or the doughnut mode with the OAM per photon equal to 2h  (see 
Fig. 6 (i)) [33, 34].  
With the ratio 14 66' / ' 0.01R R = , the spatial distribution of the phase difference and the in-
tensity of the emergent light become inhomogeneous, in relation to dependence on the tracing 
angle (see Fig. 6 (b, j)). In fact, they become triangular, while the vortex beam gets distorted. 
Nonetheless, the strength of the topological defect of the optical indicatrix orientation remains to 
be equal 1+ , thus corresponding to generation of the OAM per photon equal to 2h  (see 
Fig. 6 (f, j, n)). Notice that similar triangular shapes of the phase difference and the intensity dis-
tribution are peculiar for the ratio 14 66' / ' 0.99R R =  (see Fig. 6 (d, l)). However, in this case the 
strength of the topological defect of the optical indicatrix orientation is equal to 1 / 2-  (see 
Fig. 6 (p)). This corresponds to generation of the single-charged vortex and the helical mode 
with the OAM per photon equal to h  (see Fig. 6 (h)).  
In fact, five polarization singularities appear at 14 66' / ' 0.25R R = , as seen from Fig. 6 (c, g, 
o) with the strength of topological defect of the optical indicatrix orientation equal to 1 / 2± . Two 
of them has the strength +1/2 indicating that the supposed fractional vortex charge is close to 
two, whereas the three remaining ones represents the chain with alternating sign of the strengths 
of defects 1 / 2±  (see Fig. 6 (o) and notice also that the OAM of each of the vortices is equal to 
h ). Hence, five single-charged vortices have to appear under such conditions. Nonetheless, no 
vortices with fractional charges are observed. This fact agrees with the results [32] showing that 
only the vortices with integer charges should appear when a spiral phase plate is used with a step 
which is not aliquot to the light wavelength. 
 
(a)   (b)   (c)   (d) 
 
(e)   (f)   (g)   (h) 
 
(i)   (j)   (k)   (l) 
 
(m)   (n)   (o)   (p) 
 
FIG. 6. Calculated spatial distributions of effective phase difference (a–d) and effective angle of 
optical indicatrix rotation (e–h); light intensity behind a circular analyzer (i–l) and schemes of 
topological defects (m–p) induced by a conical electric field applied along the direction [111] in 
crystals belonging to the point symmetry groups m3m and 432. The ratio is 14 66' / ' 0R R =  (a, e, i, 
m), U = 45 kV, 14 66' / 'R R = 0.01 (b, f, j, n), U = 43.5 kV and 14 66' / 'R R = 0.25 (c, g, k, o), and 
U = 30 kV and 14 66' / 'R R = 0.99 (d, h, l, p) at U = 18 kV.  
 
C. Cubic crystals of symmetry group m3 
For the group of symmetry m3 we have 12 21R R¹  and 44 11 12R R R¹ - . When a conical electric 
field is applied along the [001] axis, the optical indicatrix of the homogeneous cell is given by 
the formula 
2 2 2 2 2 2 2 2
1 11 1 12 2 21 3 1 21 1 11 2 12 3 44 1 2( ) ( ) 2 1B R E R E R E X B R E R E R E Y R E E XY+ + + + + + + + = .  (22) 
Then the induced birefringence and the angle of optical indicatrix rotation within the homogene-
ous cell are described by the relations 
23 2 2 2 2 2 2
11 21 1 11 12 2 21 12 3 44 1 2
23 2 2 2 2 2 2 2
11 21 11 12 21 12 44
1
( ) ( ) ( ) 4
2
1
( ) ( ) ( ) 4
2
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n m R R X R R Y R R Z R X Y
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, (23) 
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Z
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z =
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=
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.  (24) 
Only in case when 12 21R R=  and 44 11 12R R R= - , these relations may be simplified to  
3 2 2 3 2 2 2
44 1 2 44
1 1
( ) ( )
2 2XY
n n R E E n m R X YD = - + = - +    (25) 
and 
1 2
2 2 2 2
1 2
2 2
tan 2 tan 2Z
E E XY
E E X Y
z j= = =
- -
 or Zz j= .   (26) 
These equations describe a polarization singularity which can be transformed to the canonical 
double-charged vortex (see, e.g., Fig. 2). In case when 12 21R R=  and 44 11 12R R R¹ - , Eqs. (23) 
and (24) may be rewritten as 
3 2 2 2 2 2 2 2
11 12 1 2 44 1 2
3 2 2 2 2 2 2 2
11 12 44
1
( ) ( ) 4
2
1
( )( ) 4
2
XYn n R R E E R E E
n m R R X Y R X Y
D = - - - +
= - - - +
  (27) 
and  
44 1 2 44 44
2 2 2 2
11 12 1 2 11 12 11 12
2 2
tan 2 tan 2
( ) ( ) ( ) ( )Z
R E E R XY R
R R E E R R X Y R R
z j= = =
- - - - -
,  (28) 
respectively. These relations are the same as Eqs. (15) and (16), which describe a polarization 
singularity leading to a mixed screw-edge dislocation of the wave front (see Fig. 4).  
In case when the conical electric field is applied along the direction [111], one can apply 
a procedure similar to that mentioned above, i.e. to rewrite the Kerr tensor in the coordinate sys-
tem of which 'Z  axis is parallel to the direction [111], 'X  to [112] , and 'Y  to [110] . However, 
this time the tensor is quite complicated and includes 12 nonzero components, of which 8 are 
independent. Taking into account that 66 11 12' ' 'R R R= - , one can find the optical birefringence 
and the angle of optical indicatrix rotation: 
( )
1/222 2
66 1 2 14 3 2 15 3 1 16 1 23
2' '
2 2
16 2 1 15 3 2 14 3 1 66 1 2
' ( ' ' ) 2 ' ' ' 2 ' ' ' 2 ' ' '
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, (29) 
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z
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.  (30) 
The Kerr coefficients 'R lm  appearing in these relations represent components of the tensor re-
written in the new coordinate system ' ' 'X Y Z . As shown above, the features of the 3'E  compo-
nent of the electric field lead to multiplication of the polarization singularities, with appearance 
of a number of single-charged vortices and mixed screw-edge dislocations of the wave front.  
The conditions under which this field component vanishes can be formulated as 14' 0R =  
and 15' 0R = , where  
14 11 44 12 21
1 1 3 1 3
' ( )
3 6 6
R R R R R
+ -
= - - - , 15 11 44 12 21
1 1 3 1 3
' ( )
3 6 6
R R R R R
- +
= - - + + .(31) 
It is seen from the above equations that 14' 0R =  and 15' 0R =  when 44 11 12R R R= -  and 
12 21R R= . Then Eqs. (29) and (30) reduce to 
3 3
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n n
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It follows from these formulas that the ' 'X Y -distribution of the induced birefringence within the 
cell reveals a conical shape. The change in the angle of optical indicatrix rotation around the 
geometrical center of the ' 'X Y  cross section is the same as the tracing angle. Hence, the double-
charged vortex would appear behind the circular analyzer only in case when 44 11 12R R R= -  and 
12 21R R= , and the conical electric field is applied along the direction [111] in the crystals belong-
ing to the point symmetry m3. 
Summarizing the results presented above, we make a general conclusion that the pure 
double-charged vortex beam can be created using the Kerr effect only under the condition de-
fined by the relation 44 11 12R R R= - . 
 
4. OPTICALLY UNIAXIAL CRYSTALS AND TEXTURES 
A. Hexagonal crystals and textures of symmetry groups 622, 6mm,  
6/mmm, 2¥ , mm¥  and / mmm¥   
Despite the groups 622, 6mm, 2¥  and mm¥  do not include an inversion center among their 
symmetry operations, their Pockels coefficients do not affect the XY distribution of the induced 
birefringence. Let us notice that the relationship 66 11 12R R R= -  holds true for the symmetry 
groups 622, 6mm, 6/mmm, 2¥ , mm¥  and / mmm¥ . When the conical field is applied along the 
Z direction, the birefringence and the angle of optical indicatrix rotation within the homogeneous 
cell may be written respectively as  
3 2 2 3 2 2 2
11 12 1 2 11 12
1 1
( )( ) ( )( )
2 2XY o o
n n R R E E n m R R X YD = - - + = - - + ,   (34) 
and 
tan 2 tan 2Zz j=  or Zz j= .     (35) 
These relations are the same as Eqs. (6) and (7) for the isotropic media. Thus, the dependences 
presented in Fig. 2 will also be valid for all of the symmetry groups just considered. Then the 
conically shaped electric field will produce the  canonical double-charged optical vortex. 
 
B. Hexagonal crystals of symmetry groups  
6 and 6/m and textures of symmetries / m¥  and ¥   
For the symmetry groups 6, 6/m, / m¥  and ¥ , the Kerr coefficients are linked as 66 11 12R R R= - . 
Let us notice that the Pockels birefringence in the geometry under consideration is equal to zero 
for the acentric groups 6 and ¥ . Then the induced birefringence and the angle of optical indica-
trix rotation within the homogeneous cell may be presented by the formulas 
3 2 2 2 2 3 2 2 2 2 2
66 62 1 2 66 62
1 1
4 ( ) 4 ( )
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respectively. Taking the equality 62 61R R= -  into account, we rewrite these relations as 
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As a result, the XY distribution of the induced birefringence within the cell has a conical shape. 
The change in the angle of optical indicatrix rotation around the geometrical center of the XY 
cross section is the same as the tracing angle. Therefore the double-charged vortex should appear 
behind the circular analyzer. This vortex is the same as for the isotropic materials and for the 
crystals and textures of the group (4.A) (see Fig. 2). The only difference taking place in the pre-
sent case is that the initial angle of optical indicatrix rotation is defined by the ratio 61 662 /R R  and 
so remains nonzero at 0degj = . 
 
C. Tetragonal crystals symmetry groups 422, 4mm, 42m  and 4/mmm 
The induced Pockels birefringence in the chosen interaction geometry is equal to zero for the 
acentric symmetry groups 422, 4mm and 42m . As far as the groups 422, 4mm, 42m  and 
4/mmm are concerned, the birefringence and the angle of optical indicatrix rotation within the 
homogeneous cell result in 
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-
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It is obvious that in this case a mixed screw-edge dislocation of the wave front appears. Only 
when 66 11 12R R R= - , it can be transformed into a pure screw dislocation, with a possibility for 
generating a canonical double-charged vortex. 
 
D. Tetragonal crystals of symmetry groups 4 and 4/m 
The relations for the birefringence and the angle of optical indicatrix rotation for the groups of 
symmetry 4 and 4/m look as follows: 
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Therefore a mixed screw-edge dislocation of the wave front is induced in these crystals. Only 
when 11 12 66R R R- =  and 61 16 0R R= = , Eq. (42) describes a canonical cone and can be trans-
formed to 
3 2 2 2
66
1
( )
2XY o
n n m R X YD = - + .    (44) 
However, such a ratio among the Kerr coefficients seems to be unlikely. 
 
E. Trigonal crystals of symmetry group 3m  
The symmetry group 3m  is known for the relationship 66 11 12R R R= - , though the matrix of the 
Kerr coefficients includes an additional component 14R . Then the birefringence and the angle of 
optical indicatrix rotation for the homogeneous cell become as follows: 
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A conical distribution of the birefringence can be induced whenever 14 0R = . Then we get  
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Otherwise Eqs. (45) and (46) would correspond to a number of single-charged vortices whose 
properties depend on the ratio 14 66/R R  (see Fig. 6). 
 
F. Trigonal crystals of symmetry group 3  
Among all the symmetry groups considered above, the group 3  reveals the lowest symmetry. In 
spite of this fact, we have the link 66 11 12R R R= - . The relations for the induced birefringence and 
the angle of optical indicatrix rotation for the homogeneous cell become rather complicated: 
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Only in the case when 25 14 62 0R R R= = = , the relation for the birefringence may be reduced to 
the conical form 
3 2 2 3 2 2 2
66 1 2 66
1 1
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n n R E E n R m X YD = - + = - + ,   (51) 
while the angle of optical indicatrix rotation is the same as the tracing angle: 
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, Zz j= .    (52) 
In the other cases we will deal with multiplication of the polarization singularities. 
 
5. CONCLUSIONS 
We have proved for the first time that double-charged optical vortices can be generated using the 
electrooptic Kerr effect in single crystals as well as isotropic material media. We have analyzed 
all of the centrosymmetric point symmetry groups, including the Curie ones, with regard of pos-
sible generation of the optical vortices. In addition we have analyzed a number of non centro-
symmetric groups of symmetry in which the Kerr effect is not masked by the Pockels one. It has 
been found that the principal condition for achieving this aim is optical uniaxiality of crystals 
and textures, or their optical isotropy. The second condition is a presence of inversion center 
among the symmetry elements or, otherwise, absence of any influence of the Pockels effect for 
the experimental geometries under interest. Still the most principal criterion for the generation of 
the doughnut mode is fulfillment of the condition 44 11 12R R R= -  imposed on the tensor Kerr co-
efficients for optically isotropic media and the condition 66 11 12R R R= -  for the uniaxial crystal. 
Otherwise the mixed screw-edge dislocation of the wave front will be generated and the optical 
vortex ring will become fractionalized.  
We have found that the crystals, textures and isotropic media suitable for the generation of 
double-charged optical vortices should belong to the symmetry groups 622, 6mm, 6/mmm, 6, 
6/m, / m¥ , ¥ , 2¥ , mm¥ , / mmm¥ , / / mmm¥ ¥  and / 2¥ ¥ . Hence, among the crystalline 
media, only hexagonal single crystals can be used for generating of the double-charged vortices. 
It is interesting that, according to our results, electrically induced optical vortices can be pro-
duced even in gases or liquids. Moreover, we have demonstrated that a transformation of the 
double-charged vortex into the single-charged one can be observed in the particular case when a 
longitudinal electric field is active owing to some nonzero Kerr coefficients. This process is ac-
companied by the appearance of a number of polarization singularities with the strength of topo-
logical defect equal to 1 / 2± , as well as a number of optical vortices with integer charges 
(namely, those equal to 1± ).  
 
References 
1. J F Nay and M V Berry, Dislocations in wave trains. Proc. R. Soc. A. 336, 165 (1974).   
2. L Allen, M Beijersbergen, R Spreeuw, and J Woerdman, Phys. Rev. A 45, 8185 (1992). 
3. D P DiVincenzo, Science 270, 255 (1995). 
4. S Groblacher, T Jennewein, A Viziri, G Weihs, and A Zeillinger, New J. Phys. 8, 75 (2006). 
5. G Molina-Terriza, A Vaziri, J Rehácek, Z Hradil, and A Zeilinger, Phys. Rev. Lett. 92, 
167903 (2004). 
6. D Bouwmeester, J-W Pan, K Mattle, M Eibl, H Weinfurter, and A Zeilinger, Nature 390, 575 
(1997). 
7. D G Grier, A revolution in optical manipulation. Nature 424, 810 (2003). 
8. M W Beijersbergen, Opt. Commun. 112: 321 (1994). 
9. N R Heckenberg, R McDuff, C P Smith, and A G White,  Opt. Lett. 17, 221 (1992). 
10. Ya Izdebskaya, V Shvedov, and A Volyar, Opt. Lett. 30, 2530 (2005). 
11. R Dorn, S Quabis, and G Leuchs,  Phys. Rev. Lett. 91, 233901 (2003). 
12. V G Shvedov, Ukr. J. Phys. Opt. 12, 109 (2011).  
13. G Molina-Terriza, J P Torres, and L Torner,  Phys. Rev. Lett. 88, 013601 (2001). 
14. Qing Lin, J. Opt. Soc. Amer. B 30, 576 (2013) 
15. L Marrucci, E Karimi, S Slussarenko, B Piccirillo, E Santamato, E Nagali, and F Sciarrino, J. 
Opt. 13, 064001 (2011).  
16. E Karimi, B Piccirillo, E Nagali, L Marrucci, and E Santamato, Appl. Phys. Lett. 94, 231124 
(2009). 
17. B Piccirillo, V D’Ambrosio, S Slussarenko, L Marrucci, and E Santamato, Appl. Phys. Lett. 
97, 241104 (2010). 
18. I Skab, Y Vasylkiv, B Zapeka, V Savaryn, and R Vlokh, J. Opt. Soc. Amer. A, 28, 1331 
(2011). 
19. I Skab, Y Vasylkiv, V Savaryn, and R Vlokh,  J. Opt. Soc. Amer. A 28, 633 (2011). 
20. I Skab, Y Vasylkiv, and R Vlokh, Appl. Opt. 51, 5797 (2012). 
21. Y Vasylkiv, O Krupych, I Skab and R Vlokh, Ukr. J. Phys. Opt. 12, 171 (2011). 
22. I Skab, Y Vasylkiv, I Smaga, and R Vlokh, Phys. Rev. A 84, 043815 (2011) . 
23. Lixiang Chen and Weilong She, Opt. Lett. 33, 696 (2008). 
24. O G Vlokh, Ukr. Fiz. Zhurn. 10, 1101 (1965). 
25. R E Newnham, Properties of materials: anisotropy, symmetry, structure (Oxford Univ. Press 
Inc., New York, 2005).  
26. D R Lide, CRC Handbook of Chemistry and Physics, 90th Ed. (Taylor and Francis Group, 
LLC, 2010). 
27. L Marrucci, Mol. Cryst. Liq. Cryst. 488, 148 (2008).  
28. Y Fujii and T Sakudo, J. Appl. Phys. 41, 4118 (1970) 
29. A V Volyar,  Ukr. J. Phys. Opt. 14, 31 (2013). 
30. T Fadeyeva, C Alexeyev, A Rubass, and A Volyar,  Opt. Lett. 37, 1397 (2012). 
31. I V Basistiy, V A Pas’ko, V V Slyusar, M S Soskin and M V Vasnetsov, J. Opt. A: Pure 
Appl. Opt. 6, S166 (2004). 
32. M V Berry, J. Opt. A: Pure Appl. Opt. 6, 259 (2004). 
33. S. Chandrasekhar, Liquid crystals. 2nd Ed. Cambridge University Press, Cambridge, 1992. 
34. M V Berry and J H Hannay, J. Phys. A: Math. Gen., 10, 1809 (1977). 
 
